Chapter 1

Limits and Continuity

1.1. The Limit of a Function
We adopt the following definitions.

Definition 1. A real function f is said to be increasing (resp. strictly
increasing, decreasing, strictly decreasing) on a nonempty set A C R
if ;) < 72, 71,22 € A, implies f(z1) < f(z2) (resp. f(z1) <
f(z2), f(z1) > f(z2), f(z1) > f(z=2)). A function which is either in-
creasing or decreasing (resp. strictly increasing or strictly decreasing)
is called monotone (resp. strictly monotone).

Definition 2. By a deleted neighborhood of a point @ € R we mean
the set (a — €,a +€) \ {a}, where e > 0.

1.1.1. Find the limits or state that they do not exist.

. 1 . 1
(@) lim zcos -, ®) lmz [;] :
@mZ[2]. ws>o @ 1mbl

x=0a |T z=0 T

@ lim z(VE+1-¥2+1), ® lig <5 (£ €092)

z-0 sin(sinz) °
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4 Problems. 1: Limits and Continuity

1.1.2. Assume that f:(-a,a)\ {0} = R Show that

(a) ii_%f(z) =1 if and only if :l‘i_r’rbf(sinz) =l,

(b) if ,h.'ﬂ) f(z) =1, then ll_t.l}) f(|z]) = 1. Does the other impli-
cation hold?

1.1.3. Suppose a function f : (—a,a)\ {0} = (0,+00) satisfies
lim (f(z) + ﬂ';,) = 2. Show that lim f(z) = 1.

1.1.4. Assume f is defined on a deleted neighborhood of a and
,l,j_-‘}}, (f(z) + 17'(13)'[) = 0. Determine li_lz}'f(z).

1.1.5. Prove that if f is a bounded function on [0,1] satisfying
flaz) =bf(z) for 0<z < 1 anda,b> 1, then l.'ll.r)l+ f(z) = £(0).
Z =

1.1.6. Calculate
im (22 e | L
(@) lim (a: (1+2+3+-+ [M])),

o (e ) rex

. P(z . N o vre
1.1.7. Compute zl_l_.n(;a lP‘([;H: where P(z) is a polynomial with positive
coefficients.

1.1.8. Show by an example that the condition
®) lim(f(z) + f(22)) =0

does not imply that f has a limit at 0. Prove that if there exists a

function ¢ such that in a deleted neighborhood of zero the inequal-

ity f(z) > ¢(z) is satisfied and lig})tp(z) = 0, then (*) implies
I

lim f(z) = 0.

1.1.9.
(a) Give an example of a function f satisfying the condition

lim(f(z)f(22)) = 0
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.and such that lim f(z) does not exist.
z—0

(b) Show that if in a deleted neighborhood of zero the inequalities

f() > J2|°, 3 < @ < 1, and f(z)f(2z) < |z| hold, then

lim f(z) =0.

1.1.10. Given a real a, assume that ,ll.’& Hez) - g(a) for each pos-

z°

itive a. Show that there is ¢ such that g(a) = ca®.

1.1.11. Suppose that f: R — R is a monotonic function such that
Jim £82) = 1. Show that also lim 42 =1 for each ¢ > 0.

1.1.12. Prove that if a > 1 and a € R, then

. @ . _
(a) zli'ngo - =+ (b) zll'nolo za = Foo

1.1.13. Show that if @ > 0, then lim 82 =0.
z—00

1.1.14. For a > 0, show that hma‘-l Use this equality to prove
the continuity of the exponentlal functlon

1.1.15. Show that
5 l z N 1 z
(2) Im (1+=) =e, (b) lim (14+=] =e,
=00 z T=—=00 x

©) lim(1+2)* =e.

1.1.16. Show that li_r)x:) In(1+2z) = 0. Using this equality, deduce that
the logarithmic function is continuous on (0, 60).

1.1.17. Determine the following limits:

(@ g0t ® =1 4>,
(c) w)—, a€R

z—m
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1.1.18. Find

(@ lim (ln2)?, (b) lim 2%,
(© lim(cosz)rm, (@) Jlim(e* - 1)%,

(e) lrl_i.r'rlx+ (sin x) B,

1.1.19. Find the following limits:
sin 2z + 2 arctan3z + 3z2 . Incosz

b bnahasidad
(&) 230 In(1 + 3z + sin z) + ze’ (®) z—0 tanz?’
© lim YIZ€TVIZCST g g gy,
z—0+ sSinT z=0

1.1.20. Calculate
1
. T * . z T
(a) zli)ngo(tanzx_._l) , (b) zlg)goz(ln(l+-2—)—ln—2—).

1.1.21. Suppose that lix};x+ g(z) = 0 and that there are @ € R and
T =

positive n and M such that m < % < M for positive z from

a neighborhood of zero. Show that if a Iix‘x)1+ g(z)Inz = «, then
z—

lim f(z)?®) = 7. In the case where ¥ = 0o or 7 = —co we assume

=0+
that e® =00 and e~* =0.

1.1.22. Assume that ll_% f(z) =1 and ll_l.l}’ g(x) = oo. Show that if
i - = i (z) =
lim g(z)(f(z) — 1) =, then lim f(z)**) = &”.
1.1.23. Calculate

. . . 1\*
(a) zl_xg)l{_ (2sm\/5 + Vzsin ;) .

s l)”

(b) lim (1 + ze” *7 sin z_") ,

z—0

e
; ~ b arctan-L +ze~% sin L
(c) lx_% (l + e~ =7arctan = + ze” T sin por .
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1.1.24. Let f:[0,+00) = R be a function such that each sequence
{f(e+mn)}, a > 0, converges to zero. Does the limit :‘l‘i_’rrcx‘J f(z) exist?

1.1.25. Let f : [0,+00) = R be a function such that, for any
positive a, the sequence {f(an)} converges to zero. Does the limit
zliugo f(z) exist?

1.1.26. Let f:[0,+00) = R be a function such that, for each a > 0
and each b > 0, the sequence {f(a+bn)} converges to zero. Does the
limit zll'no:o f(z) exist?

1.1.27. Prove that if lim f(z) = 0 and lim £22)-Jz) — 0, then
lim !.(L

z—+0

1.1.28. Suppose that f defined on (a, +0c0) is bounded on each finite
interval (a,b), a < b. Prove that if ‘LiTw( f(z +1) - f(z)) =1, then
also Lim &8 =

z+00 *

1.1.29. Let f defined on (e,+0c) be bounded below on each finite
interval (a,b), e < b. Show that if zgﬁxw(f(z +1) — f(z)) = +o0,

then also lim @ = +o00.
400

1.1.30. Let f defined on (a,+00) be bounded on each finite interval
(e,b), a < b. If for a nonnegative integer k, . Lny‘_xw HeA-S2) eyigts,

then
f@) _ 1 f(z+1) f=)

z+00 TFFL kE+1 z—»+eo

1.1.31. Let f defined on (a,+00) be bounded on each finite interval
(2,b), a < b, and assume that f(z) > c >0 for = € (a,+00). Show
thatif lim [0 exists, then lim (f(z))* also exists and

f(:t: +1)

z—++co f(z)

Llm (f(x))' =
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1.1.32. Assume that li_ra) f ([%]-') = 0. Does this imply that the
Limit li_% f(z) exists?

1.1.33. Let f: R — R be such that, for any a € R, the sequence
{7 (2)} converges to zero. Does f have a limit at zero?

1.1.34. Prove that ifli_%f (= % - [i])) = (, then zli;r.x%rt"(:c) =0.

1.1.35. Show that if f is monotonically increasing (decreasing) on
(a,b), then for any z; € (a,b),

@ fa)= lim, 1= jof 1) (1) = swp f0a)),
Tz 0 *>Xo

O )= lim @)= s f@) (fis3) = jaf £Ga)),
zrzy x<zo Z<Zo

© SE@) SIS IEE) () 2 Seo) 2 S(a)).

1.1.36. Show that if f is monotonically increasing on (a, §), then for
any zo € (a,b),

(=) lim, f(=") = f(a}),
) Jlim_ f(z*) = f(a5).

1.1.37. Prove the following Cauchy theorem. In order that f have a
finite limit when z tends to a, a necessary and sufficient condition is
that for every £ > 0 there exists § > 0 such that |f(z) — f(z')] < €
whenever 0 < |z—a| < § and 0 < [z’ —a| < 4. Formulate and prove an
analogous necessary and sufficient condition in order that zli)ngo f(z)
exist.

1.1.38. Show that if lim f(z) = A and lim g(y) = B, then
z—a y—A

Lim g(f(z)) = B, provided (g0 f)(z) = 9(f(z)) is well defined and
f does not attain A in a deleted neighborhood of a.
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1.1.39. Find functions f and g such that }1_13}' f(z) =A and }i_x’r}q 9(y)
=B, but lim g(f(z)) # B.

1.1.40. Suppose f : R — R is an increasing function and z
f(z) — z has the period 1. Denote by f" the nth iterate of f; that is,
fl=fand f* = fo f"! for n > 2. Prove that if”limgoun'-’l exists,

then for every z € R, llm l%@: lim L9
n—oo

n—oo N

1.1.41. Suppose f : R — R is an increasing function and z
f(z) — = has the period 1. Moreover, suppose that f(0) > 0 and p
is a fixed positive integer. Let f" denote the nth iterate of f. Prove
that if m,, is the least positive integer such that f™r(0) > p, then

n n
2 < lim f (O)S o f (O)SL_'_I“'f(O).
Mp poco 0N n—oo 7 mp mp

1.1.42. Suppose f: R — Ris an increa§_ing function and =z —

f(z) —  has the period 1. Show that le L"I—'l exists and its value
n-+00

is the same for each z € R, where f™ denotes the nth iterate of f.

1.2. Properties of Continuous Functions

1.2.1. Find all points of continuity of f defined by
0 if z irrational,

sin|z] if z is rational.

f@={

1.2.2. Determine the set of points of continuity of f given by
f@={

22 -1 if z is irrational,
0 if z is rational.

1.2.3. Study the continuity of the following functions:
0 if z is irrational or z = 0,
(2) fz)=4 1/q fz=p/g, p€Z, q€N, and
P, q are co-prime,
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|l if z is irrational or = 0,
(b) f(2)={4 ¢z/(g+1) fz=p/g, p€Z,q€EN, and
P, g are co-prime.
(The function defined in (a) is called the Riemann function.)

1.2.4. Prove that if f € C([a,b]), then |f] € C([a,b]). Show by an
example that the converse is not true.

1.2.5. Determine all a,, and b,, for which the function defined by
an+sinwz if z€[2n,2n+1], n€Z,
flz)= { b, +cosmz ifr€(2n-1,2n), n€Z,
is continuous on R.

1.2.6. Let f(z) =[z*]sinwz for z € R Study the continuity of f.
1.2.7. Let

f@) =l + - for 223
Show that f is continuous and that it is strictly increasing on [1, 00).

1.2.8. Study the continuity of the following functions and sketch
their graphs:

(a) f(z) = "_mm, TER,
(b) f(@) = lim ﬁ‘”l—x z€R,
© fle) = lim BEEZ) 5,

'l—'m

@ fz)= \/4"+z2'-+ L. z#0,

= lim %/cos™z + 0%z
(e) f(z)—nh_{lgo cos?rz +sin“"z, z€R

1.2.9. Show that if f : R — R is continuous and periodic, then it
attains its supremum and infimum.
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1.2.10. For P(z) = %" + a2p—12°""! + -+ + a1z + ap, show that
there is z, € R such that P(z,) = inf{P(z) : z € R}. Show also
that the absolute value of any polynomial P attains its infimum; that
is, there is z* € R such that |P(z*)| = inf{|P(z)|: z € R}.

1.2.11.

(a) Give an example of a bounded function on [0, 1] which achieves
neither an infimum nor a supremum.

(b) Give an example of a bounded function on [0,1] which does not
achieve its infimum on any [a,b] C [0,1], a < b.

1.2.12. For f:R— R, 20 €R and 6 > 0, set
wy(zo,6) = sup{|f(z) — f(zo)| : = ER, |z —zo| <6}
and wy(zo) = Jlirg+ wy(zo, ). Show that f is continuous at g if and
—
only if wy(zo) = 0.

1.2.13.
(a) Let f,g € C([a,b]) and for z € [a,b] let h(z) = min{f(z), g(z)}
and H(z) = max{f(z), g(z)}. Show that h,H € C([a,b)).

(b) Let fi, f2, f3 € C([a,}]) and for z € [a,b] let f(z) denote that
one of the three values fy(z), f2(z) and f3(z) that lies between
the other two. Show that f € C([a,8]).

1.2.14. Prove that if f € C([a,b]), then the functions defined by
setting

m(z) =inf{f(¢): (€la,z]} and M(z)=sup{f(C): ¢ €[a,z]}
are also continuous on [a, b].

1.2.15. Let f be a bounded function on [a, b]. Show that the functions
defined by

m(z) =inf{f((): (€[a,z)} and M(z)=sup{f({): € [a,z)}

are continuous from the left on (a, b).
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1.2.16. Verify whether under the assumptions of the foregoing prob-
lem the functions

m*(z)=inf{f(¢) : (€ [a,x]} and M*(z)=sup{f((): ¢ € [a,a]}
are continuous from the left on (a, b).

1.2.17. Suppose f is continuous on [a,c0) and zangD f(z) is finite.
Show that f is bounded on [a, 00).

1.2.18. Let f be continuous on R and let {z,} be a bounded se-
quence. Do the equalities

im f(za) = f(lim ) and Tm flza) = f( T za)

n=00 n—roo

hold?

1.2.19. Let f : R — R be increasing and continuous and let {z,}
be a bounded sequence. Show that

() n;m; fzn)=f (”li_ﬂzo Tn),
(b) n@o f(zn) = f("gngo Zq)-

1.2.20. Let f: R — R be decreasing and continuous and let {z,}
be a bounded sequence. Show that

() Im f(a) = S(ER 20),
(b) ngéo f(za) = £( l:._m Tn)-

1.2.21. Suppose that f is continuous on R, zgxllm f(z)=—-c0 and
zEngo f(z) = +00. Define g by setting

g(z) =sup{t: f(t)<z} for z€eR

(a) Prove that g is continuous from the left.
(b) Is g continuous?
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1.2.22. Let f: R — R be a continuous periodic function with two
tncommensurate periods Ty and To; that is, % is irrational. Prove
that f is a constant function. Give an example of a nonconstant
periodic function with two incommensurate periods.

1.2.23.

(a) Show that if f : R = R is nonconstant, periodic and continuous,
then it has a smallest positive period, the so-called fundamental
period.

(b) Give an example of a nonconstant periodic function without a
fundamental period.

(c) Prove that if f:R — R is a periodic function without a funda-
mental period, then the set of all periods of f is dense in R.

1.2.24.

(a) Prove that the theorem in part (a) of the preceding problem re-
mains true when the continuity of f on R is replaced by the
continuity at one point.

(b) Show that if f: R — R is a periodic function without a funda-
mental period and if it is continuous at least at one point, then
it is constant.

1.2.25. Show that if f, g : R = R are continuous and periodic and
Jim (f(z) - g(z)) =0, then f =g.

1.2.26. Give an example of two periodic functions f and g such that
any period of f is not commensurate with any period of ¢ and such
that f+¢

(a) is not periodic,

(b) is periodic.

1.2.27. Let f,g: R — R be continuous and periodic with positive
fundamental periods Ti and T, respectively. Prove that if 7% ¢ Q,
then h = f + g is not a periodic function.
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1.2.28. Let f,g: R — R be periodic and suppose that f is continu-
ous and no period of g is commensurate with the fundamental period
of f. Prove that f + g is not a periodic function.

1.2.29. Prove that the set of points of discontinuity of a monotonic
function f:R — R is at most countable.

1.2.30. Suppose f is continuous on [0, 1]. Prove that

i)

k=

1.2.31. Let f be continuous on [0, 1]. Prove that
1 wfn k) _
e S (o (E) o

1.2.32. Suppose f :(0,00) - R is a continuous function such that
f(z) < f(nz) for all positive z and natural n. Show that xlir'x;o f(x)

exists (finite or infinite).

1.2.33. A function f defined on an interval I C R is said to be
convez on I if

fOz1 + (1= Nzz) S Af(z1) + (1= A)f(z2)

whenever z),z2 € I and )\ € (0,1). Prove that if f is convex on an
open interval, then it is continuous. Must a convex function on an
arbitrary interval be continuous?

1.2.34. Prove that if a sequence {f,} of continuous functions on A
converges uniformly to f on A, then f is continuous on A.

1.3. Intermediate Value Property
Recall the following:

Definition. A real function f has the intermediate value property on
an interval I containing [a,b} if f(a) < v < f(b) or f(b) < v < f(a);
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that is, if v is between f(«) and f(b), there is between ¢ and b a ¢
such that f(c) = v.

1.3.1. Give examples of functions which have the intermediate value
property on an interval I but are not continuous on this interval.

1.3.2. Prove that a strictly increasing function f :[a,b] & R which
has the intermediate value property is continuous on [a, b].

1.3.3. Let f:[0,1] — [0,1] be continuous. Show that f has a fized
point in [0, 1]; that is, there exists zo € [0, 1) such that f(zo) = zo.

1.3.4. Assume that f,g: [a,b] = R are continuous and such that
f(a) < g(a) and f(b) > g(b). Prove that there exists zo € (a,b) for
which f(zo) = g(zo)-

1.8.5. Let f: R — R be continuous and periodic with period 7" > 0.
Prove that there is zo such that

f (zo + %) = f(zo)-

1.3.6. A function f : (¢4,b) - R is continuous. Prove that, given
T1,%2, ... ,Zn in (a,b), there exists xp € (a,b) such that

flao) = 3 (flon) + flaa) +++ + f(za)) -

1.3.7.

(a) Prove that the equation (1 — z)cosz = sinz has at least one
solution in (0, 1).

(b) For a nonzero polynomial P, show that the equation |P(z)| = e*
has at least one solution.

1.3.8. For ag < bp <ay < b <--- < a, < by, show that all roots of
the polynomial

Pix)=[[(z+a) +2][(z+b), z€ER,

k=0 k=0
are real.
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1.3.9. Suppose that f and g have the intermediate value property
on [a,b]. Must f + g possess the intermediate value property on that
interval?

1.3.10. Assume that f € C([0,2]) and f(0) = f(2). Prove that there
exist z; and z; in [0, 2] such that

z2—z1=1 and f(z2) = f(z1)-
Give a geometric interpretation of this fact.

1.3.11. Let f € C([0,2]). Show that there are z; and z; in [0,2)
such that

m-m=1 and flz)~ flz) = (/) - FO).

1.3.12. Forn € N, let f € C([0,n]) be such that f(0) = f(n). Prove
that there are z; and 23 in [0, n] satisfying

z2—21=1 and f(z2) = f(z:).

1.3.13. A continuous function f on [0,n], n € N, satisfies f(0) =
f(n). Show that for every k € {1,2,...,n — 1} there are zx and 2},
such that f(zi) = f(z}), where zp —z}, = korzi —z, =n—-k. Is
it true that for every k € {1,2,...,n — 1} there are 23 and zj such
that f(zx) = f(z), where zx — 2} = k?

1.3.14. Forn € N, let f € C([0,n]) be such that f(0) = f(n). Prove
that the equation f(z) = f(y) has at least n solutions with z—y € N.

1.3.15. Suppose that real continuous functions f and g defined on
R commute; that is, f(g(z)) = g(f(z)) for z € R Prove that if the
equation f2(z) = g?(z) has a solution, then the equation f(z) = g(z)
also has (bere f*(z) = f(f(2)) and g*(z) = g(g(z)))-

Show by example that the assumption of continuity of f and g in
the foregoing problem cannot be omitted.

1.3.16. Prove that a continuous injection f : R — R is either strictly
decreasing or strictly increasing.
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1.3.17. Assume that f: R — R is a continuous injection. Prove that
if there exists n such that the nth iteration of f is an identity, that
is, f*(z) =z for all z € R, then

(a) f(z) ==z, z€ R, if f is strictly increasing,

(b) f3(z) ==z, z €R, if f is strictly decreasing.

1.3.18. Assume f : R — R satisfies the condition f(f(z)) = f*(z) =
—z, z € R Show that f cannot be continuous.

1.3.19. Find all functions f : R - R which have the intermediate
value property and such that there is n € N for which f*(z) =
—z, z € R, where f* denotes the nth iteration of f.

1.3.20. Prove that if f : R = R has the intermediate value property
and f~!({q}) is closed for every rational g, then f is continuous.

1.3.21. Assume that f : (a,00) — R is continuous and bounded.
Prove that, given T, there exists a sequence {z,} such that

nl;ubxgoz,,=+oo and '}ergo(f(zn+T)—f(2n))=0-

1.3.22. Give an example of a continuous function f:R — R which
attains each of its values exactly three times. Does there exist a
continuous function f : R = R which attains each of its values
exactly two times?

1.3.23. Let f:[0,1] & R be continuous and piecewise strictly mono-
tone. (A function f is said to be piccewise strictly monotone on
[0,1], if there exists a partition of [0,1] into finitely many subinter-
vals [ti-1,t;], where i =1,2,... ,n and 0=ty <#; <-*- <t =1,
such that f is strictly monotone on each of these subintervals.) Prove
that f attains at least one of its values an odd number of times.

1.3.24. A continuous function f : [0,1] = R attains each of its values
finitely many times and f(0) # f(1). Show that f attains at least one
of its values an odd number of times.



18 Problems. 1: Limits and Continuity

1.8.25. Assume that f : K = K is continuous on a compact set
K C IR Moreover, assume that an 9 € K is such that each limit
point of the sequence of iterates {f™(zo)} is a fixed point of f. Prove
that {f™(zo)} is convergent.

1.3.26. A function f: R — R is increasing, continuous, and such
that F defined by F(z) = f(z) — z is periodic with period 1. Prove
that if a(f) = lim L) then there is o € [0,1] such that F(zo) =
a(f). Prove also that f has a fixed point in [0,1] if and only if
a(f) = 0. (See Problems 1.1.40 - 1.1.42.)

1.3.27. A function f : [0,1] = R satisfies f(0) < 0 and f(1) > 0,
and there exists a function g continuous on [0, 1] and such that f+g¢
is decreasing. Prove that the equation f(z) = 0 has a solution in the
open interval (0, 1).

1.3.28. Show that every bijection f: R — [0,00) has infinitely many
points of discontinuity.

1.3.29. Recall that each z € (0,1) can be represented by a binary
fraction .a)a2a3. .., where a; € {0,1}, i =1,2,... . In the case where
z has two distinct binary expansions we choose the one with infinitely
many digits equal to 1. Next let a function f : (0,1) — [0,1] be
defined by

1&= 523 o

Prove that f is discontinuous at each z € (0,1) but nevertheless it
has the intermediate value property.

1.4. Semicontinuous Functions

Definition 1. The eztended real number system R consists of the
real number system to which two symbols, +o0o and —co, have been
adjoined, with the following properties:
(i) K z is real, then —0o < z < +00, and z + 00 = 400, T — 00 =
—o0 and —_"_; =2 =0.
(ii) ¥z >0, then - (+oo) +00, Z - (—00) = —o00.
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(iii) If z < 0, then - (+00) = —00, = - (—oc) = +00.

Definition 2. If A C R is a nonempty set, then sup A (resp. inf A)
is the smallest (resp. greatest) extended real number which is greater
(resp. smaller) than or equal to each element of A.

Let f be a real-valued function defined on a nonempty set A C «

Definition 3. If zg is a limit point of A, then the limit inferior (resp.
the limit superior) of f(z) as z — z¢ is defined as the infimum (resp.
the supremum) of the set of all y € R such that there is a sequence
{zn} of points in A which is convergent to zp, whose terms are all
different from zp and y = nan:O f(zn). The limit inferior and the limit
superior of f(z) as £ - xp are denoted by lim f(z) and x@., (),

z—z0
respectively.

Definition 4. A real-valued function is said to be lower (resp. upper)
semicontinuous at an xg € A which is a limit point of A if lim f(z) >
z—z9

f(zo) (resp. z@ f(z) < f(zo)). If zp is an isolated point of A, then
']
we assume that f is lower and upper semicontinuous at that point.

1.4.1. Show that if z is a limit point of A and f: A — R, then

(a) lim f(z)=sug inf{f(z): z€ A, 0<|z—=z0| <6},

rz0 &>

(b) :@o f(z)= }g{)sup{f(a:) :z€A, 0<|z—=z0| <6}

- 1.4.2. Show that if g is a limit point of A and f:A — R, then

(a) lim f(z) =Jl_i.1‘1)1+inf{f(z): z€A, 0<|z -1z <6},

Lo

(b) :Eo flz) = 6&1& sup{f(z): z € A, 0< |z —zo| < 5}.
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1.4.3. Prove that yo € R is the limit inferior of f : A &> Rat a
limit point zo of A if and only if for every € > 0 the following two
conditions are satisfied:
(i) there is 6 > 0 such that f(z) > yo — € for all z € A with
0< IZL’ - $o| <9,
(ii) for every 8 > 0 there is ' € A such that 0 < |z’ — zo| < § and
f(@') <yo+e.
Establish an analogous statement for the limit superior of f at z,.

1.4.4. Let f: A — R and let zp be a limit point of A. Prove that
(a) lim f(z) = —oo if and only if for any real y and for any § > 0

=T

there exists ' € A such that 0 < |z’ — 20| < § and f(z') <y.
(b) zl'l'ﬁ f(z) = +oo if and only if for any real y and for any § > 0
Zo

there exists ' € A such that 0 < |z’ — zo| < § and f(z') > y.

1.4.5. Suppose f: A — R and z is a limit point of A. Show that
if ! = lim f(z) (resp. L = z@ f(z)), then there is a sequence
0

Z=+Zo

{zn}, zn € A, z, # o, converging to o such that | = "l;lglo f(zn)
(resp. L= Jim, f(en).

1.4.6. Let f: A — R and let zo be a limit point of A. Prove that

lm (@) =~ F& f(z) and @ (~f(@) = - lim f(a).

T=rZo Z—rZo

1.4.7. Let f : A — (0,00) and let zo be a limit point of A. Show
that

1

BT R i@

— 1 _
S5 T - Im @)

Z=Z0

and

(We assume that -5 =0 and gf = +00.)

1.4.8. Assume that f,¢g: A = R and that zp is a limit point of A.
Prove that (excluding the indeterminate forms of the type +co — o0
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and —oo + 00) the following inequalities hold:
lim f(z)+ lim g(z)< lim (f(z) + g(z)) < lim f(z)+ lim g(z)
zrz0 z—z9 z—4zo zz0 z=zo

<@ (@) + o)< T f() + Fm ofo).

Give examples of functions for which “< ™ in the above inequalities
is replaced by “< ”.

1.4.9. Assume that f,g: A — [0, c0) and that z, is a limit point of
A. Prove that (excluding the indeterminate forms of the type 0-(+c0)
and (+00) - 0) the following inequalities hold:

iim f(=)- Lim g(z) < Jim (f(z)-9(z)) < zli_% f(z)- Bm g(z)
< Jim (f(2)9(=)) < Hm f(z)- Tim g(a)-

Give examples of functions for which “< ” in the above inequalities
is replaced by “<”.

1.4.10. Prove that if zlinzlo f(z) exists, then (excluding the indeter-
minate forms of the type +00 — 0o and —c0 + 00)

lim (f(z) +g(z)) = lim f(z) + lim g(z),

z—rz0 o z—z0

Jm (f(2) +9(z)) = lim f(z) + lm g(2).

Moreover, if f and g are nonnegative, then (excluding the indetermi-
nate forms of the type 0 - (+co) and (+00) - 0)

Jim (7(z) - o(a)) = lim, f(e)- lim o(a),
& (f@) - 9(e) = lim f(z)- Fm o(a).

1.4.11. Prove that if f is continuous on (a,b), { = lim f(z) and
z—a

L= E f(z), then for every X € [I, L] there is a sequence {z,} of
points in (a,b) converging to a and such that nlinolo flzn) = A
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1.4.12. Find the points at which f : R — R defined by

1(z) { 0 if z is irrational,
z) =

sinz if z is rational
is semicontinuous.

1.4.13. Determine points at which the function f defined by

22 —1 if z is irrational,

f@)={

0 if z is rational

is semicontinuous.

1.4.14. Show that the function given by setting
0 if z is irrational or z = 0,
f(z) = % ifz=2 peZ,qeN,
and p,q are co-prime

is upper semicontinuous.

1.4.15. Find the points at which the function defined by

|z|  if z is irrational or z = 0,
() flz)=q &5 ifz=8 peZ,geN,
and p,q are co-prime,

';—_"_’:2 ifreQn(0,ljandz=¢§, p.g€N,
(b) f(z) = and p,q are co-prime,

0 if z € (0,1) is irrational

is neither upper nor lower semicontinuous.

1.4.16. Let f,g: A — R be lower (resp. upper) semicontinuous at
xo € A. Show that

(a) if @ > 0, then af is lower (resp. upper) semicontinuous at . If
a < 0, then af is upper (resp. lower) semicontinuous at zo.

(b) f + g is lower (resp. upper) semicontinuous at zo.
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1.4.17. Assume that f, : A = B, n € N, are lower (resp. upper)
semicontinuous at zp € A. Show that sup f, (resp. ;rét; fn) is lower
neN

(resp. upper) semicontinuous at zg.

1.4.18. Prove that a pointwise limit of an increasing (resp. decreas-
ing) sequence of lower (resp. upper) semicontinuous functions is lower
(resp. upper) semicontinuous.

1.4.19. For f: A — R and z a limit point of A define the oscillation
of f at z by

of(#) = Jim supllf(2) = f@)l: zu € A, e ~2| <5, ju—zi <5}
Show that oy(x) = fi(x) — f-(z), where
fi(z) = max{f(z), im f(2)} and fo(z) = min{f(z), !i__f'n;f(z)k

1.4.20. Let fy, f2, and oy be as in the foregoing problem. Show that
fi and o are upper semicontinuous, and f is lower semicontinuous.

1.4.21. Prove that in order that f : A = R be lower (resp. upper)
semicontinuous at zo € A, a necessary and sufficient condition is
that for every a < f(zo) (resp. @ > f(zo)) there is § > 0 such that
f(z) > a (resp. f(z) < a) whenever |z — x| < J, z € A.

1.4.22. Prove that in order that f : A — R be lower (resp. upper)
semicontinuous on A, a necessary and sufficient condition is that for
everya € Rtheset {z€ A: f(z) > a} (resp. {z € A: f(z) <a})
be open in A.

1.4.23. Prove that f : R — R is lower semicontinuous if and only if
the set {(z,y) € B? : y > f(z)} is closed in R%.

Formulate and prove an analogous necessary and sufficient con-
dition for upper semicontinuity of f on R.

1.4.24. Prove the following theorem of Baire. Every lower (resp. up-
per) semicontinuous f : A — R is the pointwise limit of an increasing
(resp. decreasing) sequence of continuous functions on A.
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1.4.25. Prove that if f : A — R is upper semicontinuous, g: A = R
is lower semicontinuous and f(z) < g(z) everywhere on A, then there
is a continuous function A on A such that

f(z) <h(z) < 9(z), z€A.

1.5. Uniform Continuity

Definition. A real function f defined on A C R is said to be uni-
formly continuous on A if, given € > 0, there exists § > 0 such that
for all z and y in A with |z — y| < § we have |f(z) — f(y)| <e.

1.5.1. Verify whether the following functions are uniformly continu-

ous on (0,1) :

@ @)=, (b)
@  f@)=zdni, @
© f@=e%  ®

(8 f(z) =Inz, (h)
(i) f(z) =cotz.

1
f(Z) = sin ;)
f@)=e,

- 1
f(z) = €®cos )

T
f(z) = cosz - cos et

1.5.2. Which of the following functions are uniformly continuous on

[0,00)?

() f(z) =z, (b)
(¢) f(z)=sin’z, (d)
(e) f(z)=¢%, )
(g) f(z) =sin(sinz), (b)

() f(z) =siny/z.

f(z) =zsinz,
f(z) = sin(z?),
f(I) am(z

f(=z) = sm(z sinz),

1.5.8. Show that if f is uniformly continuous on (a,d), a,b € R, then
lim+ f(z) and l_igx f(z) exist as finite limits.
z—a’ z ~
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1.5.4. Suppose f and g are uniformly continuous on (a,b) ([a,o0)).
Does this imply the uniform continuity on (a,b) ([a,0)) of the func-
tions

(@ f+ag, o fg (© =z~ f(z)sinz?

1.5.5.

(a) Show that if f is uniformly continuous on (a, 8] and on [b, c), then
it is also uniformly continuous on (g, c).

(b) Suppose A and B are closed sets in R and let f : AUB = R
be uniformly continuous on A and on B. Must f be uniformly
continuous on A UB?

1.5.6. Prove that any function continuous and periodic on R must

be uniformly continuous on R

1.5.7.

(a) Show that if f : R = R is continuous and such that z_h;x_pw f(z)
and zli’ngo f(z) are finite, then f is uniformly continuous on R.

(b) Show that if f : [a,00) = R is continuous and zllngo f(z) is finite,
then f is uniformly continuous on [, c0).

1.5.8. Examine the uniform continuity of
(a) f(z) =arctanz on (—o0,00),

(b) f(z)==zsinl on (0,00),

(©) f(z)=e"* on (0,00).

1.5.9. Assume that f is uniformly continuous on (0, c0). Must the
limits lim f(z) and lim f(z) exist?
z—0+ Z=$00

1.5.10. Prove that any function which is bounded, monotonic and

continuous on an interval I C R is uniformly continuous on I.

1.5.11. Assume f is uniformly continuous and unbounded on [0, c0).
Is it true that either al_x_’ncl’° f(z)=+oc0r zh"_f& f(z) = —00?
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1.5.12. A function f : [0,00) = R is uniformly continuous and for
any z > 0 the sequence {f(z + n)} converges to zero. Prove that
LVERD

1.5.13. Suppose that f : [1,00) = R is uniformly continuous. Prove
that there is a positive M such that l!_‘zﬂl <Mforz>1.

1.5.14. Let f : [0,00) = R be uniformly continuous. Prove that
there is a positive M with the following property:

su%{lf(:c +u)— f(u)]} < M(z+1) forevery z2>0.
u>

1.5.15. Let f : A -+ R, A C R, be uniformly continuous. Prove
that if {z,} is any Cauchy sequence of elements in A, then {f(z5)}
is also a Cauchy sequence.

1.5.16. Suppose A C R is bounded. Prove that if f : A = R
transforms Cauchy sequences of elements of A into Cauchy sequences,
then f is uniformly continuous on A. Is the boundedness of A an
essential assumption?

1.5.17. Prove that f is uniformly continuous on A C R if and only
if for any sequences {z,} and {yn} of elements of A,

Jim (zn —ya) =0 implies lm (f(zn) - f(yn)) =0.
1.5.18. Suppose that f : (0,00) — (0,00) is uniformly continuous.
Does this imply that

1
tim ZE*=) _ gy
2% @
1.5.19. A function f: R — R is continuous at zero and satisfies the
following conditions
f(0)=0 and f(z1+22) < f(1) + f(z2) forany 1,22 €R
Prove that f is uniformly continuous on R.



1.6. Functional Equations 27

1.5.20. For f: A 5 R, A CR, we define
wy(0) = sup{|f(z1) — f(z2)|: 21,72 € A, |21 — 22| < 6}

and call wy the modulus of continuity of f. Show that f is uniformly
continuous on A if and only if th:})f wy(8) =0.
—

1.5.21. Let f : R — R be uniformly continuous. Prove that the

following statements are equivalent.

(a) For any uniformly continuous function g : B — R, f- g is uni-
formly continuous on R.

(b) The function z — |z|f(x) is uniformly continuous on R

1.5.22. Prove that the following condition is necessary and sufficient
for f to be uniformly continuous on an interval I. Given £ > 0, there
is N > 0 such that for every z),z2 €1, z) # 2,

f(z1) — f(z2)

] e N implies |f(z,) — f(z2)l <e.

1.6. Functional Equations

1.6.1. Prove that the only functions continuous on R and satisfying
the Cauchy functional equation

fz+y) = flz) + [(y)

are the linear functions of the form f(z) = az.

1.6.2. Prove that if f : R — R satisfies the Cauchy functional equa-
tion
Jz+y) = f(z) + f(v)
and one of the conditions
(a) f is continuous at an g € R,
(b) f is bounded above on some interval (a,b),
(c) f is monotonic on R,

then f(z) = az.
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1.6.3. Determine all continuous functions f : R — R such that
f(1) >0 and
fz+y) = f(z)f(y).

1.6.4. Show that the only solutions of the functional equation
flzy) = f(=) + f(v)

which are not identically zero and are continuous on (0,00) are the
logarithmic functions.

1.6.5. Show that the only solutions of the functional equation
f(zy) = f(z)f(y)

which are not identically zero and are continuous on (0,00) are the
power functions of the form f(z) = z°.

1.6.6. Find all continuous functions f : R — R such that f(z)— f(y)
is rational for rational z — y.

1.6.7. For |g| < 1, find all functions f : R — R continuous at zero
and satisfying the functional equation

f(=@) + f(gz) =0.

1.6.8. Find all functions f : R — R continuous at zero and satisfying
the equation

£ +f (gz) =z

1.6.9. Determine all solutions f : R — R of the functional equation
2f(22) = f(z) + =

which are continuous at zero.

1.6.10. Find all continuous functions f : R — R satisfying the

Jensen equation 12+ £0)
z+y\ _ f(=z)+ Sy
r(55r) =15




1.6. Functional Equations 29

1.6.11. Find all functions continuous on (a,b), a,b € R, satisfying
the Jensen equation

f (242-1/) _ f@ ;r &)

1.6.12. Determine all solutions f : R — R of the functional equation
f@z+1) = f(2)
which are continuous at ~1.

1.6.13. For a real a, show that if f : R = R is a continuous solution
of the equation

f(z +y) = f(z) + f(y) + azy,
then f(z) = 222 + bz, where b= f(1) - §.

1.6.14. Determine all continuous at zero solutions of the functional
equation

@=1(:%). =#1

1.6.15. Let f : [0,1] — [0,1] be continuous, monotonically decreas-
ing and such that f(f(z)) = z for z € [0,1]. Is f(z) =1~z the only
such function?

1.6.18. Suppose that f and g satisfy the equation

Jz+y) + flz-y) =2f(z)9(y), z.yeR

Show that if f is not identically zero and |f(z)| < 1 for z € R, then
also |g(z)| < 1forz € R

1.6.17. Find all continuous functions f : R — R satisfying the func-
tional equation

f@+y) = f(z)e¥ + f(y)e.
1.6.18. Determine all continuous at zero solutions f : R = R of

fz+y) - f(z—y) = f(2)(y)-
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1.6.19. Solve the functional equation
f@)+f (’T"l) =14z for z#0,L

1.6.20. A sequence {Z,} converges in the Cesdro sense if

zy+we+23 4+ 2n
n

C- Iim z, = lim
n—0o0 n—00

exists and is finite. Find all functions which are Cesaro continuous,
that is,

0 Jim 22) =C- ln,f(ex)
for every Cesaro convergent sequence {z,}.

1.6.21. Let f : [0,1] — [0, 1] be an injection such that f(2z~ f(z)) =
z for z € [0, 1]. Prove that f(z) =z, z €[0,1].

1.6.22. For m different from zero, prove that if a continuous function
f : R — R satisfies the equation

¢ (oo L2) =i
then f(z) = m(z - ¢).

1.6.23. Show that the only solutions of the functional equation
flz+y) + fly —z) = 2f(z)f ()

continuous on R and not identically zero are f(x) = cos(az) and
f(z) = cosh(az) with a real.

1.6.24. Determine all continuous on (-1,1) solutions of

£ (EEL) = 100+ st

1.6.25. Find all polynomials P such that
P(2z - %) = (P(z))%.
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1.6.26. Let m,n > 2 be integers. Find all functions f : [0,00) = R
continuous at at least one point in [0,c) and such that

i (%Zz"') = 1S o w30, i=12.m

i=1 i=1

1.6.27. Find all not identically zero functions f : R — R satisfying
the equations

f@y) = f(@)f(y) and flz+2)=f(z) + f(2)
with some z # 0.

1.6.28. Find all functions f : R\ {0} = R such that

1@=-1(3). =20

1.6.29. Find all solutions f : R\ {0} — R of the functional equation

1@+t =1(2)+1(5). =20

1.6.30. Prove that the functions f,g,¢ : R — R satisfy the equation

f(z) -9y _ (z+y
z—y —¢( B} )1 y#z,

if and only if there exist a, b and ¢ such that

f@)=gz)=a? +bz+c, o¢(z)=2az+b.

1.6.31. Prove that there is a function f : R — Q satisfying the
following three conditions:

(@) flz+y) = flz)+ f(y) for 7,y € R,

(b) f(z)=zforzeQ,

(c) f is not continuous on R
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1.7. Continuous Functions in Metric Spaces

In this section X and Y will stand for metric spaces (X,d,) and
(Y,d2), respectively. To shorten notation we say that X is a metric
space instead of saying that (X,d;) is a metric space. If not stated
otherwise, R and R" are always assumed to be equipped with the
Euclidean metric.

1.7.1. Let (X,d;) and (Y,d2) be metric spacesand let f : X = Y.
Prove that the following conditions are equivalent.

(a) The function f is continuous.

(b) For each closed set F C Y the set f~!(F) is closed in X.

(c) For each open set G C Y the set f~1(G) is open in X.

(d) For each subset A of X, f(A) C f(A).

(e) For each subset B of Y, f-1(B) ¢ f~!(B).

1.7.2. Let (X,d;) and (Y,d2) be metric spacesand let f : X - Y
be continuous. Prove that the inverse image f~!(B) of a Borel set B
in (Y,dz) is a Borel set in (X, d)).

1.7.3. Give an example of a continuous function f : X = Y such
that the image f(F) (resp. f(G)) is not closed (resp. open) in Y for
a closed F (resp. open G) in X.

1.7.4. Let (X,d;) and (Y,dz) be metric spacesand let f: X -5 Y
be continuous. Prove that the image of each compact set F in X is
compact in Y.

1.7.5. Let f be defined on the union of closed sets F,,Fo,...,Fy,.
Prove that if the restriction of f to each F;, i = 1,2,...,m, is con-
tinuous, then f is continuous on Fy UFaU---UF,,.

Show by example that the statement does not hold in the case of
infinitely many sets F;.

1.7.6. Let f be defined on the union of open sets G;, t € T. Prove
that if for each ¢ € T the restriction fig, is continuous, then f is

continuous on | G¢.
teT
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1.7.7. Let (X,d;) and (Y,d2) be metric spaces. Prove that f: X =
Y is continuous if and only if for each compact A in X the function
fia is continuous.

1.7.8. Assume that f is a continuous bijection of a compact metric
space X onto a metric space Y. Prove that the inverse function f—!
is continuous on Y. Prove also that compactness cannot be omitted
from the hypotheses.

1.7.9. Let f be a continuous mapping of a compact metric space X
into a metric space Y. Show that f is uniformly continuous on X.

1.7.10. Let (X, d) be a metric space and let A be a nonempty subset
of X. Prove that the function f : X — [0, 00) defined by

f(z) = dist(z, A) = inf{d(z,y) : y € A}
is uniformly continuous on X.

1.7.11. Assume that f is a continuous mapping of a connected metric
space X into a metric space Y. Show that f(X) is connected in Y.

1.7.12. Let f: A=Y, 0 # A C X. For z € A define
oy(z,6) = diam(f(A NB(z, 9))).
The oscillation of f at zis defined as
of(z) = .sl.f& og(z,6).

Prove that f is continuous at zo € A if and only if og(zo) = 0
(compare with 1.4.19 and 1.4.20).

1.7.13. Let f: A5 Y, 0 # A C X and for € A let of(z) be the
oscillation of f at = defined in the foregoing problem. Prove that for
each £ > 0 the set {z € A : og(z) > &} is closed in X.

1.7.14. Show that the set of points of continuity of f : X = Y is
a countable intersection of open sets, that is, a G5 in (X,d;). Show
also that the set of points of discontinuity of f is a countable union
of closed sets, that is, an %, in (X,d;).
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1.7.15. Give an example of a function f : R — R whose set of points
of discontinuity is Q.

1.7.16. Prove that every F, subset of R is the set of points of dis-
continuity for some f: R+ R

1.7.17. Let A be an ¥, subset of a metric space X. Must there exist
a function f: X — R whose set of points of discontinuity is A?

1.7.18. Let xa be the characteristic function of A C X. Show that
{z € X: 0,,(z) > 0} = OA, where oy(z) is the oscillation of f at z
defined in 1.7.12. Conclude that xa is continuous on X if and only
if A is both open and closed in X.

1.7.19. Assume that g; and g» are continuous mappings of a metric
space (X,d;) into a metric space (Y,d:), and that a set A with a
void interior is dense in X. Prove that if

)= qi(z) for z€ A,
f —{gg(:z) for z€X\A,

then
0]($) = dQ(g.l (z)l 92(1))» TE x’
where oy (z) is the oscillation of f at z defined in 1.7.12.

1.7.20. We say that a real function f defined on a metric space X
is in the first Baire class if f is a pointwise limit of a sequence of
continuous functions on X. Prove that if f is in the first Baire class,
then the set of points of discontinuity of f is a set of the first category;
that is, it is the union of countably many nowhere dense sets.

1.7.21. Prove that if X is a complete metric space and f is in the
first Baire class on X, then the set of points of continuity of f is dense
in X.

1.7.22. Let f: (0,00) = R be continuous and such that, for each
positive z, the sequence {f (Z)} converges to zero. Does this imply
that lixg+ f(z) =0? (Compare with 1.1.33.)

z—
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1.7.23. Let F denote a family of real functions continuous on a com-
plete metric space X such that for every z € X there is M, such that

1f(z)] < M, forall feF.

Prove that there exist a positive constant M and a nonempty open
set G C X such that

|f(z)) €M forevery f€F andeveryz€ G.

1.7.24. Let F; D F2 D F; D... be a nested collection of nonempty
closed subsets of a complete metric space X such that nli_fgo diamF,, =
0. Prove that if f is continuous on X, then

20 0

/ ( N F) =[] £(Fn).

n=1 n=l
1.7.25. Let (X,d;) be a metric space and p a fixed point in X. For
u € X define the function f, by fu.(z) = di(u,z) — di(p,z), z € X.
Prove that u — f, is a distance preserving mapping, that is, an

isometry of (X, d ) into the space C(X, R) of real functions continuous
on X endowed with the metric d(f,g) = sup{|f(z)—g(z)| : z € X}.

1.7.26. Prove that a metric space X is compact if and only if every
continuous function f : X — R is bounded.

1.7.27. Let (X,d;) be a metric space and for 2 € X define p(z) =
dist(z, X \ {z}). Prove that the following two conditions are equiva-
lent.

(a) Each continuous function f: X — R is uniformly continuous.
(b) Every sequence {i,} of elements in X such that

Jim_p(zn) =0
contains a convergent subsequence.

1.7.28. Show that a metric space X is compact if and only if every
real function continuous on X is uniformly continuous and for every
€ > 0 the set {x € X : p(z) > €}, where p is defined in 1.7.27, is
finite.
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1.7.29. Give an example of a noncompact metric space X such that
every continuous f : X — R is uniformly continuous on X.



